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Higgs Mass Bounds from Renormalization Flow for a simple Yukawa model
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We study the functional renormalization group flow of a Higgs-Yukawa toy model mimicking the
top-Higgs sector of the standard model. This approach allows for treating arbitrary bare couplings.
For the class of standard bare potentials of φ4-type at a given ultraviolet cut-off, we show that
a finite infrared Higgs mass range emerges naturally from the renormalization group flow itself.
Higgs masses outside the resulting bounds cannot be connected to any conceivable set of bare
parameters in this standard-model φ4 class. By contrast, more general bare potentials allow to
diminish the lower bound considerably. We identify a simple renormalization group mechanism for
this depletion of the lower bound. If active also in the full standard model, Higgs masses smaller
than the conventional infrared window do not necessarily require new physics at low scales or give
rise to instability problems.
I. INTRODUCTION
The recent potential discovery of the standard model
Higgs boson with a comparatively low mass of mH ≃
125GeV [1] has stimulated renewed interest in Higgs mass
bounds within the standard model itself [2–7] and beyond
[8–11]. In particular, arguments based on vacuum stabil-
ity [12–18] (or sufficient metastability [19–22]) appear to
give rise to a lower bound for the Higgs mass [23–28].
The measured value for the mass of the discovered scalar
boson is either close to or on top of the bound or might
even violate the bound, depending on various other pa-
rameters, most notably the value of the top mass (in the
appropriate scheme) and the strong coupling constant.
The consequences of the true Higgs mass satisfying or
violating the bound can be rather dramatic, ranging from
measured constraints on the underlying UV theory struc-
ture, via an upper bound for the scale of new physics to
the prediction of the decay of the universe as we know
it. Therefore, a thorough understanding of Higgs mass
bounds within the standard model is clearly mandatory.
Even though typical computations of mass bounds are
often done with perturbative (RG-resummed) methods,
the problem is generically nonperturbative. This is obvi-
ous for the upper Higgs mass bound – the so-called uni-
tarity or triviality bound – which is, in principle, related
to a strongly coupled Higgs sector in the UV. In pertur-
bation theory, this becomes manifest from the vicinity to
the Landau pole, indicating the failure of perturbation
theory.1 But also the lower bound involves nonpertur-
bative information for two reasons: first, the prediction
∗ holger.gies@uni-jena.de
† clemens.gneiting@physik.uni-freiburg.de
‡ rene.sondenheimer@uni-jena.de
1 In fact, the upper bound is often motivated from the requirement
that the standard model per definitionem should be describable
within perturbation theory in the UV. Since this is if at all an
aesthetic but not a physical criterion, we rely on the criterion of
triviality in the present work.
of infrared (IR) quantities such as Higgs and top masses
involve a proper description of threshold effects. These
are nonperturbative, as such mass scales are related to
the couplings. Second, an investigation of stability issues
requires the computation of a full effective potential for
arbitrary field amplitudes.
In a series of works, Higgs mass bounds have therefore
recently been studied within lattice quantum field theory
both for a simple Z2 Higgs-Yukawa model [29–31], as
well as for a Higgs-Yukawa model more similar to and
significant for the standard model [31, 32]. In particular,
the lower Higgs mass bound arises from the mere criterion
of starting from a physically meaningful bare UV theory
on the lattice. No reference to low-energy stability issues
had to be made, and no indications for an instability have
been observed. Most prominently, the simulations of [33,
34] essentially rule out or put strong constraints on the
existence of a fourth flavor generation for the measured
Higgs boson mass; similar conclusions have been drawn
from analytic considerations [35].
In the present work, we revisit the Higgs mass bounds
by analytic means using the functional renormalization
group (RG). Within a consistent systematic derivative
expansion, the functional RG provides for a tool to an-
alyze the problem nonperturbatively and allows to es-
timate errors of the approximation scheme. In order
to concentrate on the basic mechanisms for the mass
bounds, we confine ourselves to the simple Z2 Higgs-
Yukawa model, as it avoids intricate questions arising
from the gauge-Higgs interplay in the full standard model
[36, 37], while at the same time maintaining the stan-
dard model property that no Goldstone bosons arise in
the broken phase. First functional RG studies of Higgs
mass bounds have already been performed in [38, 39].
In the present work, we particularly concentrate on
the influence of generic UV actions on the Higgs mass
bounds. In fact, we find a rather substantial influence of
the precise form of the bare scalar potential on the lower
bound of the Higgs boson. At first sight, this seems to
be at odds with common wisdom of renormalizable field
theories that IR observables should be independent of
2the details of the microscopic UV theory. This state-
ment (formulated under suitable mild assumptions) is, of
course, left untouched by our work. However, the main
point is that the notion of a Higgs mass bound is strictly
speaking not a pure IR observable. Higgs mass bounds
are typically formulated as a function of the UV cut-
off Λ, i.e., mH,bound = mH,bound(Λ). Hence, in order to
quantify this dependence, we have to make certain as-
sumptions about the system at and near the cutoff. This
includes the choice of a regularization scheme, specifying
the details of the UV regularization at the cutoff; in this
sense, part of the scheme-dependence of the Higgs mass
bounds is actually physical. And this includes dynamical
properties of the flow near the cutoff which can be rather
strongly influenced by the bare theory. Quantitatively,
we find that rather mild modifications of the bare po-
tential can have a significant impact on the lower Higgs
mass bound.
This article is organized as follows: in Sect. II, we
briefly introduce our simple toy model. Section III sum-
marizes the concepts of the functional RG applied to this
model and presents the resulting flow equations. As a
warm-up, a simple mean-field analysis already illustrat-
ing many of the properties of the Higgs mass bounds is
given in Sect. IV. Incidentally, these mean-field proper-
ties do actually not require the functional RG framework,
but could equally well be derived within a large-N type
of reasoning. Our main results based on the nonpertur-
bative RG flow equations are summarized in Sect. V.
II. Z2-SYMMETRIC HIGGS-YUKAWA TOY
MODEL
Many of the fluctuation-induced features of Higgs mass
bounds in the standard model can already be studied in a
greatly simplified model involving a Dirac fermion flavor
ψ (the top quark) and a real scalar boson φ. The model
is defined by the Euclidean classical action
S =
∫
d4x
[
1
2
(∂µφ)
2 +
m¯
2
φ2 +
λ¯
8
φ4 + ψ¯ i∂/ψ + ih¯φψ¯ψ
]
.
(1)
For later purposes, we allow the top quark to appear in
Nf flavor copies. We use Nf merely as an ordering param-
eter of the calculation, but not as a physical parameter
mimicking the generations of the standard model. For
quantitative statements, we will use Nf = 1. The model
is invariant under a discrete “chiral” symmetry,
ψ → ei
pi
2
γ5ψ, ψ¯ → ψ¯ ei
pi
2
γ5 , φ→ −φ, (2)
which protects the fermions against acquiring a direct
mass term. Since the symmetry is only discrete, its spon-
taneous breaking owing to a nonzero expectation value
for the scalar field v = 〈φ〉 does not give rise to massless
Goldstone bosons. This feature mimics the property of
the standard model that the Goldstone modes are eaten
by the massive electroweak gauge bosons.
The quantum theory corresponding to Eq. (1) has to
be defined with a finite ultraviolet (UV) cutoff Λ which,
together with a specified regularization prescription, re-
mains an implicit physical parameter of the theory. This
is because triviality inhibits an ultraviolet extension to
arbitrarily high scales while keeping the physical low-
energy parameters fixed [40]; in perturbation theory, this
feature is reflected by the existence of a Landau pole in
the running coupling.
Solving the so defined quantum theory provides
for a mapping from the microscopic bare parameters
m¯2, λ¯, h¯,Λ and possibly further RG irrelevant bare cou-
plings to the set of physical parameters which are given
by the top mass mtop, the Higgs mass mH, the vacuum
expectation value v and still the cutoff Λ. These physical
parameters are directly related to renormalized couplings
in the quantum effective action, such as the renormalized
Yukawa coupling h, see below, and the effective poten-
tial U(ρ), where ρ = φ
2
2 . Denoting the minimum of the
effective potential by ρ0, we identify
v = Z
1/2
φ 〈φ〉 =
√
2Zφρ0, m
2
top = v
2h2, m2H = v
2U
′′(ρ0)
Z2φ
,
(3)
where the wave function renormalizationZφ is introduced
below. In this work, we consider the vacuum expectation
value and the top mass as given, v ≃ 246GeV andmtop ≃
173GeV.2 Furthermore, choosing a fixed cutoff Λ leaves
only mH as a free parameter which becomes a function
of the whole set of microscopic bare parameters.
Constraints on the Higgs mass are now obtained if the
region of attainable Higgs masses is bounded for any
given combination of bare parameters. These bare pa-
rameters are essentially unconstrained, as they are pro-
vided by a yet unknown underlying microscopic theory
(UV completion). Only a stable bare scalar potential
bounded from below is required in order to facilitate
a meaningful definition of the quantum theory. In the
present work, we start with the standard class of initial
bare λ¯φ4 potentials. UV stability then implies that λ¯ ≥ 0
for this class of potentials. We then extend our consid-
erations to more general potentials. For instance, also
a negative λ¯ is permitted if the potential is stabilized
for large φ, e.g., by positive φ6, φ8, . . . terms in the bare
potential. We emphasize that these higher-order terms
cannot be excluded by referring to renormalizability cri-
teria. This is because we consider them to be present in
2 We use here the value for the top mass measured by kinematically
reconstructing its decay products and comparing these to Monte
Carlo simulations. For Higgs mass bounds, actually the pole
mass is considered to be the appropriate quantity, which could
significantly differ from the experimentally quoted value [26]. As
a rule of thumb, an uncertainty of ∼ 1GeV in the top mass
leads to a ±2GeV variation of the lower Higgs mass bound for
large cutoffs Λ. In any case, quantitative results of the present
toy model should anyway only be considered as an illustrative
example.
3the microscopic UV potential at a fixed (possibly phys-
ical) UV cutoff Λ. Presently no experiment can impose
relevant constraints on such terms which could arise from
an underlying UV completion of the standard model.
Renormalizability rather tells us that the IR is dominated
by the power-counting “renormalizable” operators in the
standard model, provided that the UV theory starts near
the perturbative Gaußian fixed point.
III. RENORMALIZATION FLOW
As an alternative to the functional-integral definition
of continuum quantum field theory, we use a differential
formulation provided by the functional RG. A convenient
version is given by the flow equation for the effective aver-
age action Γk, which interpolates between the bare action
Γk=Λ = S at the UV cutoff Λ and the full quantum effec-
tive action Γ = Γk=0 [41]. The latter corresponds to the
generator of fully-dressed proper vertices. The variation
of the effective action with respect to the scale k is given
by the Wetterich equation
k ∂kΓk ≡ ∂tΓk =
1
2
STr
[
(∂tRk)(Γ
(2)
k +Rk)
−1
]
, t = ln
k
Λ
.
(4)
Here, Γ
(2)
k denotes the second functional derivative with
respect to the fluctuating fields Φ = (φ, ψ, ψ¯), and the
super-trace also includes a minus sign for the fermions.
The regulator Rk in the denominator is chosen such that
it suppresses IR modes below the scale k, and its deriva-
tive k∂kRk establishes ultraviolet (UV) finiteness; as a
consequence, the flow of Γk is dominated by fluctua-
tions with momenta p2 ≃ k2, implementing the con-
cept of smooth momentum-shell integrations, for reviews
see [42–48].
As we are working with an explicit finite cutoff Λ, also
the choice of the regularization scheme strictly speak-
ing belongs to the definition of the model. This scheme
is here specified in terms of the regulator function Rk,
more precisely in terms of the regulator shape functions
r(p2/k2), rF(p
2/k2) introduced in the appendix. From
the viewpoint of the model definition, these shape func-
tions determine how the modes are physically cut off in
the UV. Since a change of the regularization scheme such
as a change of the shape functions can be mapped onto
a change of the initial conditions for the bare couplings,
we keep the regulator fixed in the present work and vary
the bare couplings.
In addition to perturbative expansions, nonperturba-
tive approximation schemes can be devised for the flow
equation. Systematic and consistent expansion schemes
which do not rely on a perturbative coupling ordering
are, for instance, the vertex expansion or the derivative
expansion.
In this work, we study the renormalization flow of the
Yukawa system nonperturbatively within the following
truncation based on the derivative expansion:
Γk =
∫
x
[
Zφ,k
2
(∂µφ)
2 + Uk(ρ) + Zψ,k ψ¯ i∂/ψ + i h¯k φψ¯ψ
]
,
(5)
where ρ = 12φ
2, and the potential Uk generally includes
arbitrary powers of the field. In fact, the accuracy of the
derivative expansion for scalar theories has been verified
quantitatively in many contexts. Here, we actively study
its convergence by comparing leading-order (LO) results
(obtained for Zφ,k = 1, Zψ,k = 1) to next-to-leading or-
der (NLO) results. We find no signatures of a failure of
this expansion even at comparatively strong coupling, see
below.
Inserting this ansatz (5) into the flow equation (4) pro-
vides us with the RG flows of h¯k, Uk and the wave func-
tion renormalizations Zφ,k and Zψ,k; the latter flows will
be followed in terms of the anomalous dimensions
ηφ = −∂t lnZφ,k, ηψ = −∂t lnZψ,k. (6)
The flow equation for the effective potential reads
∂tUk = 2 vd k
d
[
ld0
(
k−2 Z−1φ,k [2 ρU
′′
k + U
′
k] ; ηφ
)
−Nfdγ l
(F ) d
0
(
2 k−2Z−2ψ,k h¯
2
k ρ; ηψ
) ]
, (7)
where the primes denote derivatives with respect to ρ,
and v−1d = 2
d+1 pid/2 Γ(d/2). For generality, we work in d
dimensions and with a dγ dimensional representation of
the Dirac algebra. We will later specialize to d = 4 and
dγ = 4. The threshold functions l
d
0 and l
(F ) d
0 arise from
the integration over the loop momentum and carry the
non-universal regulator dependence. For any physically
admissible regulator, they approach finite constants for
vanishing argument and decrease to zero for large first
argument, describing the decoupling of massive modes;
details can be found in Appendix A.
It is useful to introduce renormalized fields
φ˜ = Z
1/2
φ,kφ, ψ˜ = Z
1/2
ψ,kψ, (8)
as well as the dimensionless renormalized Z2 invariant
quantity
ρ˜ = Zφ,k k
2−dρ. (9)
The dimensionless renormalized Yukawa coupling is de-
fined by
h2k = Z
−1
φ,k Z
−2
ψ,k k
d−4 h¯2k, (10)
and the dimensionless potential simply is:
uk = Uk k
−d. (11)
The flow of uk for fixed ρ˜ is given by
4∂t uk = −d uk + (d− 2 + ηφ) ρ˜ u
′
k + 2 vd
[
ld0 (u
′
k + 2 ρ˜ u
′′
k; ηφ)−Nfdγ l
(F )d
0
(
2 ρ˜ h2k; ηψ
) ]
, (12)
where primes now denote derivatives with respect to ρ˜. The flow of the Yukawa coupling is of the form
∂t h
2
k = [ηφ + 2 ηψ + d− 4] h
2
k + 8 h
4
k vd l
(FB) d
1,1 (ω1, ω2; ηψ, ηφ) (13)
−
[
48 κk u
′′
k(κk) + 32 κ
2
k u
′′′
k (κk)
]
h4k vd l
(FB) d
1,2 (ω1, ω2; ηψ , ηφ)− 32 h
6
k κk vd l
(FB) d
2,1 (ω1, ω2; ηψ , ηφ) ,
with
ω1 = 2 κk h
2
k, ω2 = u
′
k(κk) + 2κku
′′
k(κk) , (14)
and κk = ρ˜min denotes the minimum of the potential; i.e., if κk 6= 0 then u
′
k(κk) = 0. Finally, the anomalous
dimensions are determined by
ηφ = 8
vd
d
[
κk [3 u
′′
k(κk) + 2 κk u
′′′
k (κk)]
2
md4,0 (2 κk u
′′
k(κk) + u
′
k(κk), 0; ηφ)
+Nfdγ h
2
k
[
m
(F ) d
4
(
2 κk h
2
k; ηψ
)
− 2 κk h
2
km
(F ) d
2
(
2 κk h
2
k; ηψ
) ]]
, (15)
ηψ = 8 h
2
k
vd
d
m
(FB) d
1,2
(
2 κk h
2
k, 2 κk u
′′
k(κk) + u
′
k(κk); ηψ, ηφ
)
, (16)
where the threshold functions are again discussed in Appendix A. These flow equations can be compared to those
of similar investigations in the literature [49–51] within different physical contexts. Once the flow equations have
been solved for suitable initial conditions, we can read off the fully renormalized long-range quantities in the limit
k → 0. For instance, the physical quantities defined in Eq. (3) require the renormalized Yukawa coupling h = hk→0
and the wave function renormalization Zφ = Zφ,k→0. The renormalized vacuum expectation value is obtained from
v2 = limk→0 2k
2κk.
IV. MEAN-FIELD ANALYSIS
Let us first perform a mean-field analysis, correspond-
ing to a one-loop approximation of the effective po-
tential including fermion as well as boson fluctuations,
while keeping the wave function renormalizations and the
Yukawa coupling fixed,
Zφ,k, Zψ,k → 1, hk → hΛ. (17)
The mean-field effective potential UMF could, of course,
be calculated directly from a Gaußian approximation of
the generating functional, yielding the standard log det-
formula. Nevertheless, we derive it from the flow equa-
tion, since it provides direct access to the use of an arbi-
trarily shaped regulator function, which can be used to
model the physical UV cutoff mechanism.
The standard mean-field (MF) approximation is
equivalent to the large-Nf approximation, taking only
fermionic fluctuations into account. The corresponding
mean-field effective potential is obtained from the flow
equation (7) by integrating the fermion contributions
∼ Nf from k = Λ to 0, while keeping the potential on
the right-hand side fixed at Uk → UΛ. We obtain for the
mean-field effective potential
UMFk (ρ) = UΛ(ρ) (18)
+
Nfdγ
2
∫
p
ln
(
p2(1 + rF(p
2/Λ2))2 + 2h¯2Λρ
p2(1 + rF(p2/k2))2 + 2h¯2Λρ
)
,
where
∫
p =
∫
ddp
(2pi)d . The extended mean-field (EMF)
approximation is obtained by including also the scalar
fluctuations on the same Gaußian level. Introducing the
abbreviation
M2Λ(ρ) = U
′
Λ(ρ) + 2ρU
′′
Λ(ρ), (19)
we find,
UEMFk (ρ) = U
MF
k (ρ) (20)
−
1
2
∫
p
ln
[
p2(1 + r(p2/Λ2)) +M2Λ(ρ)
p2(1 + r(p2/k2)) +M2Λ(ρ)
]
.
Whereas the mean-field approximation becomes exact in
the strict large-Nf limit, no such anchoring to an exact
limit is known for the extended-mean-field approxima-
tion. Moreover, further subtleties arise in the extended-
mean-field case from convexity violations and complex
solutions for the potential as discussed in [52]. These
subtleties of the extended mean-field approximation are
however irrelevant for the nonperturbative functional RG
solution discussed below. Hence, we will mainly stay
within the standard mean-field approximation in the fol-
lowing for the purpose of illustration.
For both approximations, the momentum integration
can be done analytically for a suitable choice of the reg-
ulator shape functions r(x), rF(x). For instance, for the
linear regulator (cf. App. A) we obtain in the limit k → 0
and in d = 4 dimensions (where h¯Λ = hΛ)
5UEMF(ρ) = UΛ(ρ) +
1
64pi2
{
[M2Λ(ρ)−M
2
Λ(0)− 2Nfdγh
2
Λρ]Λ
2 + 4Nfdγh
4
Λρ
2 ln
Λ2 + 2h2Λρ
2h2Λρ
−M4Λ(ρ) ln
Λ2 +M2Λ(ρ)
M2Λ(ρ)
+M4Λ(0) ln
Λ2 +M2Λ(0)
M2Λ(0)
}
, (21)
where we have normalized UEMF(ρ) such that
UEMF(0) = 0. In the following we will show that
Eq. (21) can be used to illustrate the appearance of a
lower bound for the Higgs mass.
A. Bare potentials of φ4-type
Let us confine ourselves to bare potentials of φ4-type,
UΛ(ρ) = m
2
Λρ+
λΛ
2
ρ2. (22)
For a given UV cutoff Λ, two out of the three bare pa-
rameters m2Λ, λΛ, hΛ can be fixed by fixing the top mass
and the vacuum expectation value; more precisely, fixing
hΛ = mtop/v and determining m
2
Λ from the transcenden-
tal equation
UEMF′(ρ0 = v
2/2) = 0, (23)
leaves us with the Higgs mass as a function of the bare
scalar coupling, mH = mH(λΛ). In the standard mean-
field approximation, it is easy to see that mH = mH(λΛ)
increases monotonically with λΛ, therefore a lower bound
on the Higgs mass is obtained from the lowest possible
value of λΛ, which is λΛ,min = 0 for potentials of the
form of Eq. (22). (In the extended mean-field approxima-
tion, the same conclusion holds unless λΛ approaches the
strong-coupling value λΛ →
8
3h
2
Λ where an EMF-artifact
induces singular behavior).
Equation (23) can easily be solved numerically. For an
analytical estimate, let us stay within the mean-field ap-
proximation and keep only the terms ∼ Nf . Determining
m2Λ from the condition U
MF′(ρ0 = v
2/2) = 0 for fixed
values of mtop and v, we find (setting Nf = 1, dγ = 4)
m2Λ(Λ, λΛ) = −
λΛ
2
v2 +
h2Λ
8pi2
Λ2 (24)
−
h4Λv
2
8pi2
[
2 ln
(
1 +
Λ2
m2top
)
−
Λ2
Λ2 +m2top
]
.
This fixes the effective mean-field potential as a function
of λΛ and Λ, yielding the Higgs mass
m2H(Λ, λΛ) = v
2UMF′′(v2/2)
=
m4top
4pi2v2
[
2 ln
(
1 +
Λ2
m2top
)
−
3Λ4 + 2m2topΛ
2
(Λ2 +m2top)
2
]
+v2λΛ. (25)
This renders explicit that the lower bound for UV poten-
tials of the form of Eq. (22) is given by mH(Λ, λΛ = 0).
1000 104 105 106 107 108 109
50
100
150
200
250
LGeV
m
H
G
eV
FIG. 1. Extended mean-field analysis of the lower bound
for the Higgs mass mH versus the UV cutoff Λ, based on a
bare potential UΛ of φ
4-type for Nf = 1. For an initial po-
tential which is flat apart from a mass term UΛ =
1
2
m2Λφ
2,
the fermionic fluctuations drive the Higgs mass to a finite
minimal value. The solid lines correspond to standard mean-
field theory accounting only for top fluctuations, cf. Eq. (25),
whereas the dashed lines also include scalar fluctuations on
the Gaußian level (extended mean-field). The four different
line sets correspond to increasing values of the initial φ4 cou-
pling of λΛ = 0,
1
6
, 1
3
, 2
3
from bottom to top.
The mean-field analysis performed here gives a first
insight into how lower bounds for the Higgs mass fol-
low from the mapping from bare to renormalized quanti-
ties. It also exemplifies that the mere existence of a lower
bound on the Higgs mass for bare potentials of φ4-type
is essentially a consequence of top fluctuations that drive
the curvature of the effective potential at its nontrivial
minimum to finite values. This statement will also hold
on the nonperturbative level. We plot the mean-field re-
sults for the Higgs mass as a function of Λ for various
values of λΛ in Fig. 1 as solid lines.
The plot also shows corrections from bosonic fluc-
tuations as described by extended mean-field theory
UEMF(ρ) as dashed lines for the same values of λΛ.
We observe that scalar fluctuations tend to decrease the
Higgs mass values. This agrees with the fact that scalar
fluctuations drive the effective potential towards the sym-
metric regime, thus depleting also the curvature near the
minimum. However, the lower bound of the Higgs mass
remains unaffected by the scalar fluctuations, because
the scalar field is non-interacting for λΛ = 0 in the EMF
approximation.
6B. Generalized bare potentials
The lower Higgs mass bound determined above arises
from the fact that the values for the bare quartic coupling
λΛ are bounded from below. This is necessary in order
to start with a well-defined theory in the UV for our con-
fined bare potentials (22) of φ4-type. Such a restriction
on the bare potential is typically also required in pertur-
bation theory because higher-order operators are pertur-
batively non-renormalizable. By contrast, the Wetterich
equation provides us with a nonperturbative tool, so we
can study also the influence of RG irrelevant higher-order
operators on the flow of the effective average action. Al-
ternatively, this could also be studied with perturbative
methods in an effective-theory approach.
In the following we address the question how modifi-
cations ∆UΛ(ρ) of the quartic bare potential can exert
an influence on the lower Higgs mass bound. The bare
potential can in principle be an arbitrary function of the
scalar field. The only constraint which we impose is that
the potential is bounded from below in order to start
from a well-defined quantum field theory at the cutoff.
We emphasize that no further experimental constraints
exist. The simplest extention of the standard potential
has an additional operator of the form φ6.
UΛ(ρ) = m
2
Λρ+
λΛ
2
ρ2 +∆UΛ(ρ)
= m2Λρ+
λΛ
2
ρ2 +
λ3,Λ
6Λ2
ρ3. (26)
Again, in the mean-field case Eq. (23) can be solved ex-
plicitly for m2Λ, yielding the Higgs mass as a function of
λΛ and λ3,Λ for a given cutoff, mH = mH(λΛ, λ3,Λ). With
λ3,Λ positive we can study a wider range of values for the
bare quartic coupling. The Higgs mass reads
m2H(Λ, λΛ, λ3,Λ) =
m4top
4pi2v2
[
2 ln
(
1 +
Λ2
m2top
)
−
3Λ4 + 2m2topΛ
2
(Λ2 +m2top)
2
]
+ v2λΛ +
v4
2Λ2
λ3,Λ. (27)
Obviously, we are able to construct a theory with a Higgs
mass below the previous lower bound if the contribution
of the term ∼ λΛ for λΛ < 0 exceeds that of the positive
term ∼ λ3,Λ.
The same mechanism works in the extended mean-field
analysis but there it requires a solution to the transcen-
dental Eq. (23) in order to determine m2Λ. A numerical
solution is plotted in Fig. 2 for different values of λΛ and
λ3,Λ. Furthermore, we have checked that for the given
masses no additional minimum appears in the effective
potential besides the one at v = 246GeV.
Let us finally remark that upper bounds cannot mean-
ingfully be studied in the mean-field approximation; this
is because “RG improvement” is necessary to observe the
nonperturbative approach to triviality (reflected by the
Landau-pole behavior within RG-improved perturbation
theory).
V. NONPERTURBATIVE HIGGS MASS
BOUNDS
The mean-field approximation has turned out to be re-
markably accurate by direct comparison with nonpertur-
bative lattice simulations for the present model [29, 30].
As lattice simulations are typically limited as far as the
separation of the UV scale from the physical scales is con-
cerned, a nonperturbative continuum analysis of beyond
mean-field theory seems indispensable in order to appro-
priately account for scalar fluctuations and the mutual
back-reactions between fermionic and scalar fluctuations
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FIG. 2. Extended mean-field analysis of the lower bound for
the Higgs mass mH versus the UV cutoff Λ, based on a bare
potential UΛ of φ
6-type for Nf = 1. We have plotted the lower
bound in the φ4 theory (λΛ = λ3,Λ = 0) as solid black line.
Theories with bare couplings λΛ = −
1
30
and λ3,Λ =
2
3
are
depicted as red dashed line, and λΛ = −
1
15
and λ3,Λ = 2 as
blue dotted line.
on a wide range of scales.
For the solution of the flow equations, we use the for-
mulation in terms of dimensionless renormalized quan-
tities as introduced in Sect. III. To leading-order in the
derivative expansion, we solve the flow equations for the
effective potential uk and for the Yukawa coupling hk.
At next-to-leading order, we include the wave-function
7renormalizations ηφ and ηψ.
Since we are mainly interested in the properties of the
effective potential near its minimum, we use a polyno-
mial expansion of the potential. The stability and con-
vergence of this expansion will be checked explicitly. In
the symmetric regime (SYM) where the minimum of the
potential occurs at κk = 0, we use the truncated expan-
sion
uk =
Np∑
n=1
λn
n!
ρ˜n, (28)
such that the potential is parameterized by Np couplings
λn (the mass term is related to λ1 and we identify the φ
4
interaction as λ ≡ λ2). In the symmetry-broken regime
(SSB), we instead use
uk =
Np∑
n=2
λn
n!
(ρ˜− κk)
n. (29)
The flows of λ1, . . . , λNp (SYM), or κk, λ2, . . . λNp (SSB),
can directly be derived from Eq. (12).
For small bare scalar coupling λΛ ≡ λ2,Λ, a physi-
cal flow typically starts in the SYM regime. Near the
electroweak scale, fermionic fluctuations drive the sys-
tem into the SSB regime at a scale kSSB, where we have
to switch from the SYM flow to the SSB flow. Here,
a nonzero minimum builds up, inducing masses for the
fermions and the Higgs scalar. This leads to a decoupling
of the modes, and the flow freezes out completely; i.e.,
all right-hand sides of the flow equations go to zero for
k → 0. For large bare scalar coupling λΛ, the physical
flow starts already in the SSB regime with a small value
for κk. The flow can still run over many scales until κk
grows large near the electroweak scale, implying again
the decoupling of all modes.
A. φ4-type bare potentials
Let us again start with the restricted class of bare po-
tentials of φ4-type,
uΛ = λ1,Λρ˜+
λΛ
2
ρ˜2, (30)
where λ1,Λ ≡ m
2
Λ/Λ
2 for a wave function renormalization
Zφ,Λ = 1. For a given cutoff Λ, the flow equations map
the bare parametersm2Λ, λΛ, hΛ onto the physical param-
eters v, mtop, mH. In practice, we tune m
2
Λ to establish
the correct vacuum expectation value v ≃ 246GeV for a
given cutoff Λ. This is, in fact, a fine-tuning problem,
corresponding to the problem of separating the scale hi-
erarchies in the standard model. At the same time, hΛ is
varied until the flow ends at the right value of mtop. This
leaves us with the Higgs mass as a function of λΛ for a
given cutoff Λ, mH = mH(Λ, λΛ), where λΛ is allowed to
be an a priori arbitrary non-negative real number for the
class of bare potentials (30).
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FIG. 3. Higgs mass values versus the bare scalar coupling λΛ
for a cutoff Λ = 107GeV. The dashed lines denote the results
within LO derivative expansion; the NLO deviates from the
LO result by at most 10 % for large coupling, demonstrating
the satisfactory convergence of the derivative expansion. Also
the convergence of the polynomial expansion is shown: green
lines with squares are obtained within the lowest nontrivial
order with Np = 2, blue lines with circles denote the Np = 4
result; even higher orders NP = 6, 8 show no further deviation
from the Np = 4 curves.
In Fig. 3, we depict this function mH(λΛ) for a cutoff
Λ = 107GeV for various approximations. For λΛ . 0.01,
the Higgs mass becomes rather independent of λΛ ap-
proaching its lower bound. This observation is in perfect
agreement with lattice simulations [29, 30, 32–34]. For
larger bare coupling λΛ, the Higgs mass increases and
approaches a regime of saturation for λΛ ≫ 1. This is
reminiscent to RG-improved perturbation theory, where
the bare coupling hits the Landau pole λΛ →∞ already
at a finite cutoff Λ.
Whereas the Landau pole in perturbation theory in the
first place signals the breakdown of the perturbative ex-
pansion, our truncation of the RG flow does neither rely
on perturbative ordering nor require a weak coupling.
Instead, our derivative expansion is organized in terms
of field operators with increasing number of derivatives.
In order to check the convergence of this expansion, we
can compare the results for the Higgs mass to leading
order (LO) and next-to-leading order (NLO) in this ex-
pansion. To leading order, we drop the running of the
kinetic terms in Eq. (5) by setting the anomalous dimen-
sions to zero, ηψ,φ → 0. The resulting Higgs masses are
plotted as dashed lines in Fig. 3. We observe that the
difference to the NLO result (solid lines) is rather small
for the lower Higgs mass bound for λΛ → 0; even for the
largest accessible couplings, we observe a maximum de-
viation of 10%, confirming that the derivative expansion
constitutes a satisfactory approximation for our purpose
for the whole range from weak to strong coupling.
Furthermore, we study the convergence of the polyno-
mial expansion of the scalar potential in Fig. 3. To low-
8æ
æ
æ
æ
æ
æ æ æ æ æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
æ
104 105 106 107 108
100
200
300
400
500
600
700
LGeV
m
H
G
eV
FIG. 4. Higgs mass bounds versus cutoff Λ. The thick
green/solid line denotes the lower bound for the Higgs mass
derived within the class of bare φ4 potentials. The thin
red/solid line shows the lower bound as derived within mean-
field approximation. The turquois/dashed lines mark upper
bounds if the bare scalar coupling is allowed to start maxi-
mally from λΛ = 1, 10, 50, 100 from bottom to top, respec-
tively. An artificial restriction to the perturbative domain
λΛ . 1 underestimates the upper bound by a factor & O(1).
est nontrivial order Np = 2 (green lines with squares),
we obtain already a complete picture of the physics of
Higgs mass bounds. For the next order Np = 4 (blue
lines with circles), though the upper Higgs mass bound
is already approached for smaller bare couplings λΛ, the
value of the upper bound changes by at most 5%. For
even higher orders, the corresponding results lie on top
of the Np = 4 curves. Within our numerical accuracy we
find no significant difference for Np = 4, 6, 8.
In Fig. 4, we show the resulting Higgs mass bounds,
arising within the class of φ4 bare potentials. The
thick solid/green line characterizes the lower bound re-
sulting from the RG flow for a wide range of cutoffs
Λ = 104 . . . 108GeV. Also shown is the lower bound as de-
rived within the mean-field approximation in the previous
section (thin solid/red line), which neglects the running
of the Yukawa coupling, of the anomalous dimension, and
RG improvement of the scalar potential. In the full flow,
we observe nontrivial cancelations among these terms,
such that the mean-field result represents a surprisingly
good approximation over a wide range of cutoff scales.
The turquois/dashed lines depict upper bounds for the
Higgs mass for bare couplings λΛ = 1, 10, 50, 100, respec-
tively. In particular, we find that if we limited ourselves
to a perturbative domain, choosing λΛ = 1, we would
artificially underestimate the upper bound by a factor
& O(1).
B. Generalized bare potentials
Let us now study extensions of the initial bare po-
tential beyond the φ4-type. Motivated by the results of
the mean-field approximation, we concentrate on poten-
tials with a negative λ2,Λ where the UV stability is guar-
anteed by a positive λ3φ
6. It is possible to construct
bare potentials which give rise to Higgs masses below the
lower bound within the class of φ4 bare potentials, sim-
ilar to the mean-field approach. Fig. 5 shows the lower
bound within φ4 theory (black solid line) in comparison
to Higgs mass values for an example flow which starts
with λ2,Λ = −0.1 and λ3,Λ = 3 in the UV (red solid line).
This example clearly illustrates that the lower bound
within φ4-like initial potentials does no longer hold, if
higher dimensional operators are also permitted.
This phenomenon can be understood from the RG flow
itself: first we note that in both cases (φ4-like as well
as the beyond-φ4 example above) the flow starts in the
symmetric regime. In the beyond-φ4 example, the quar-
tic coupling λ2 runs quickly to positive values, whereas
λ3 becomes very small as is expected in the vicinity of
the Gaußian fixed point. As a consequence, this particu-
lar system flows back into the class of φ4-type potentials.
The decisive difference, however, is that the scale kGFP
where the system is again near the Gaußian fixed point is
now lower than the initial UV scale Λ. Loosely speaking,
some “RG time” is required to run from the beyond-φ4
form of the potential back to the φ4 Gaußian type.
From another viewpoint, the RG flow can map an ini-
tial bare action with λ2 < 0 and λ3 > 0 at an initial UV
scale Λ to a theory with λ2 ≥ 0 and λ3 ≈ 0 at a smaller
scale kGFP < Λ. Therefore, the red curve (beyond-φ
4) in
Fig. 5 can also be viewed as a horizontally displaced ver-
sion of the black curve (φ4-like) to effectively larger cutoff
values. We emphasize that the present example has nei-
ther been specifically designed or fine-tuned, nor does it
represent an exhaustive study of admissible initial po-
tentials. A wide range of beyond-φ4 potentials initiating
the flow at Λ leads to Higgs masses below the bound of
the φ4-type class. Still, the mechanism observed above
starting from stable potentials with λ2 < 0 and glob-
ally stabilizing higher-order terms appears rather generic.
We have also checked for more involved initial conditions
that the results for the Higgs masses do not change for
higher-order NP ≥ 4 polynomial expansions of the scalar
potential.
In fact, the influence of higher dimensional operators
has also been studied in recent lattice simulations in a chi-
ral Higgs-Yukawa model [34], by adding a positive λ3φ
6
term to the bare potential. No lowering of the Higgs mass
bound has been observed in this study. This is indeed in
agreement with our observations, because merely adding
this term has barely any effect on the Higgs mass bound
and rather leads to an increase of the Higgs mass. Our
mechanism for lowering the mass bound works particu-
larly well for initial potentials with λ2 < 0. In other
words, the λ2 < 0 deformation requires a comparatively
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FIG. 5. Higgs mass versus cutoff Λ. The black line denotes
the lower bound for the Higgs mass derived within the class
of bare φ4 potentials. The red line shows how we can con-
struct Higgs masses below the lower bound by giving up the
restriction to quartic bare potentials. The masses are derived
for λ2 = −0.1 and λ3 = 3.
long RG time to run the potential back to the φ4 Gaußian
type. A lattice study with such (or even more general)
bare potentials could hence put our mechanism to test.
Having put the significance of the lower bound of the
Higgs mass derived for φ4-type bare potentials into per-
spective, let us address the issue of stability: while the
standard approach to vacuum stability in the present
simple model based on RG-improved perturbation theory
has been questioned by lattice simulations [29, 30] and
functional RG methods [38] (in turn critically assessed by
[53]), a full stability analysis would require to follow the
RG flow of arbitrary physically admissible initial poten-
tials. In particular, the RG evolution of potentials with
multiple local minima would have to be dealt with quan-
titatively. While this is indeed possible with appropriate
numerical solvers [39, 49, 54–56], we here confine our-
selves to the validity region of the polynomial expansion
of the effective potential about a local minimum.
Since high-order polynomials typically have multiple
local minima, we have to estimate the radius of conver-
gence of our expansion in field space. A new local min-
imum showing up within this convergence region could
then be interpreted as a signature of instability. If such
minima only occur outside the convergence radius, we
consider them as an artifact of the polynomial expan-
sion.
A rough estimate for the radius of convergence is
given by comparing the quotients of successive couplings
λn/λn+1 for large n in the infrared. In practice we
solve the system of coupled differential equations for
NP = 20, switching back to dimensionful quantities at
a scale where the flows are frozen out, e.g. Uk = ukk
4 =∑
n an(Zφρ − v
2/2)n with an =
λn
n! k
4−2n, and comput-
ing the dimensionful radius of convergence by comparing
an(k)
an+1(k)
for k → 0. The results expressed in units of
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FIG. 6. Estimate for the radius of convergence in units of
103GeV2 of the polynomial expansion of the effective poten-
tials in terms of the absolute values of the ratios of expansion
coefficients. The red filled circles are derived for a theory
which starts at Λ = 107GeV with all couplings set to zero
apart from the mass term. The black empty circles are for
the case Λ = 107 GeV and λ2 = 1 and λn = 0 (n ≥ 3).
103GeV for various initial conditions are plotted in Fig.
6.
Our primary observation is that this estimate for the
radius of convergence appears to stabilize at a universal
value rather independent of the chosen initial conditions.
The resulting value near ≃ 23000GeV2 is of the order
of the vacuum expectation value v2/2 = 30258GeV2 for
large n. We still observe a slight drift in our data even at
high order, which might be due to the fact that the inner
region of the effective potential owing to its convexity
cannot be resolved within a polynomial expansion as a
matter of principle. Restricting the field amplitudes to
values of the order of the ratio of the highest couplings
in the truncation, Zφρmax ≃ (v
2/2)+ |
aNP−1
aNP
|, we find in
all studied cases that the effective potential is a convex
monotonically rising function in the outer region (φ >
v). No evidence for an instability within this radius of
convergence is found.
These observations agree with solutions of the RG flow
for the full effective potential beyond the polynomial ex-
pansion as worked out in [39] using pseudo-spectral meth-
ods (Chebyshev expansion). Both methods lead to equiv-
alent results for both, the Higgs mass bounds for φ4-type
initial potentials as well as the absence of any indication
for an instability.
VI. CONCLUSIONS
We have determined Higgs mass bounds in a simple
Higgs-Yukawa toy model sharing some similarities with
the standard model Higgs–top-quark sector. Our study is
based on the functional renormalization group which can
keep track of threshold phenomena, has better access to
strong coupling regimes and automatically accounts for
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“RG improvement”.
In agreement with the standard literature, the exis-
tence of an upper Higgs mass bound is a consequence
of triviality of the scalar sector. As such, it is inherently
non-universal. In this work, we have also emphasized the
non-universality of the lower Higgs mass bound. In addi-
tion to the regularization scheme dependence which the
lower bound shares with the upper bound in any UV in-
complete theory, we have discovered that the lower mass
bound can depend sensitively on the microscopic details
of the bare effective potential for the Higgs field.
This observation does not contradict Wilsonian renor-
malizability arguments stating that IR observables
should be independent of the details of the UV theory.
The reason is that a Higgs mass bound given in the form
mH,bound = mH,bound(Λ) as a function of the UV cutoff
Λ does not constitute a pure IR observable. By contrast,
it should be understood as a mapping of initial condi-
tions at the microscopic UV scale onto the set of possible
IR observables. As the UV initial conditions are typi-
cally not accessible by low energy measurements, they
are unconstraint. A statement about Higgs mass bounds
therefore often goes along with (typically only implicit)
constraints on the UV initial conditions, i.e., bare actions
or bare potentials.
In the conventional discussions of Higgs mass bounds,
the IR measured observables are taken from experiment
and the RG flow is run to higher scales. This procedure
lacks any control over RG irrelevant operators, as their
influence on the IR observables is exponentially small.
Therefore, their high-energy behavior is simply ignored
or implicitly fixed by computational recipes such as RG-
improved perturbation theory. Latest results along this
line of reasoning show that the measured mass of the
Higgs boson is close to the “vacuum stability” bound or
even in the “metastable region” (with the biggest un-
certainty arising from the exact value of the top mass, to
be specified in an appropriate scheme) [25–28]. From this
viewpoint, the fact that the Higgs mass together with the
whole standard model is close to a phase transition is a
remarkable result of the LHC, requiring an explanation of
this “near-criticality” property [28]. Since this running-
up of the perturbative RG cannot access the large field
regime, where a new vacuum is expected to occur, a full
resolution of this near-criticality puzzle either requires
nonperturbative complements or even calls for beyond-
standard-model explanations.
Our results offer a different viewpoint: as we have
hardly any information about the bare action at an initial
scale Λ, bounds on particle masses can only arise from
the mapping of all admissible bare initial conditions onto
the IR observables as is provided by the RG. Of course,
the resulting bounds will depend on the criteria of ad-
missibility which we may impose. In this work, we have
demonstrated that strict Higgs mass bounds arise if we
restrict the initial conditions to φ4-type potentials. We
emphasize, however, that this restriction is somewhat ar-
bitrary: it cannot be justified by Wilsonian renormaliz-
ability arguments, as they simply do not apply to bare
actions. Hence, if we lift this artificial restriction, we
can easily discover initial conditions that lead to Higgs
masses substantially smaller than the Higgs mass bound
within the φ4 class. This is already the case for initial
potentials with comparatively small higher-order opera-
tors. Nonperturbatively large deformations of the initial
potential are not required.
From this viewpoint, the near-criticality property of
the standard model remains nevertheless remarkable, as
it may provide for a first handle on the microscopic ac-
tion at some high (GUT-like or Planck) scale that has to
emerge from an underlying theory (“a UV completion”).
The top-down analog of this reasoning has been used in
a model with asymptotically safe gravity that predicted
the value of the Higgs mass [57] (see also [58]), based
on the fact that asymptotically safe gravity interactions
are likely to put the Higgs mass onto its “conventional”
lower bound. Already earlier, arguments for putting the
standard model onto this conventional lower bound lead
to similar predictions [59].
By contrast, if the Higgs mass turns out to lie be-
low this conventional lower bound, this may not be a
sufficient reason for concern regarding vacuum stability
or metastability. Stability might simply be provided by
higher-order operators in the initial bare action. Rather
generically, we find that models with a negative λ2,Λ be-
ing stabilized by higher-order operators yield Higgs mass
values below the conventional lower bound. Of course,
the presence and magnitude of these higher order opera-
tors eventually has to be explained by a (more) UV com-
plete underlying theory. In fact, models with a negative
λ2,Λ have recently been discussed from a string-theory
perspective [60]. A UV complete example for models
with a potentially smaller Higgs mass has recently been
given within pure quantum field theory in the context of
an asymptotically safe gauged Higgs-Yukawa model [61].
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Appendix A: Threshold functions
In this work, we use the linear regulator which is op-
timized for the present truncation [62]. For the bosonic
modes, this regulator is given by
Rk(p) = Zφ,kp
2 r(p2/k2) = Zφ,k(k
2 − p2)θ(k2 − p2).
The corresponding chirally symmetric fermionic regula-
tor Rk(p) = Zψ,kp/rF(p
2/k2) is chosen such that p2(1 +
11
r) = p2(1+rF)
2. For reasons of completeness, we list the
threshold functions appearing in the main text, which
can be analytically computed for the linear regulator as
a result of the corresponding momentum integrations:
ldn(ω; ηφ) =
2(δn,0 + n)
d
1−
ηφ
d+2
(1 + ω)n+1
,
l
(F )d
0 (ω; ηψ) =
2(δn,0 + n)
d
1−
ηψ
d+1
(1 + ω)n+1
,
l(FB)dn1,n2 (ω1, ω2; ηψ , ηφ) =
2
d
1
(1 + ω1)n1
1
(1 + ω2)n2
×

n1
(
1−
ηψ
d+1
)
1 + ω1
+
n2
(
1−
ηφ
d+2
)
1 + ω2

 ,
mdn1,n2(ω1, ω2; ηφ) =
1
(1 + ω1)n1(1 + ω2)n2
,
m
(F )d
2 (ω; ηψ) =
1
(1 + ω)4
,
m
(F )d
4 (ω; ηψ) =
1
(1 + ω)4
+
1− ηψ
d− 2
1
(1 + ω)3
−
(
1− ηψ
2d− 4
+
1
4
)
1
(1 + ω)2
,
m(FB)dn1,n2 (ω1, ω2; ηψ , ηφ) =
1−
ηφ
d+1
(1 + ω1)n1(1 + ω2)n2
.
These threshold functions agree with those given in [49].
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